We investigate a discrete version of the Möbius energy, that is of geometric interest in its own right and is defined on equilateral polygons with n segments. We show that the Γ-limit regarding L q or W 1,q convergence, q ∈ [1, ∞] of these energies as n → ∞ is the smooth Möbius energy. This result directly implies the convergence of almost minimizers of the discrete energies to minimizers of the smooth energy if we can guarantee that the limit of the discrete curves belongs to the same knot class. Additionally, we show that the unique minimizer amongst all polygons is the regular n-gon. Moreover, discrete overall minimizers converge to the round circle.
Introduction
The Möbius energy of a closed rectifiable curve γ of length L that is parametrised by arc length is given by
Here, S L is the circle of length L and d the intrinsic metric on S L . This energy was introduced by O'Hara in [O'H91] and has the interesting property that it is invariant under Möbius transformations, hence its name. O'Hara could show that finite energy prevents the curve from having selfintersections. Later on, the existence of energy minimizers in prime knot classes was proven by Freedman, He and Wang in [FHW94] , while due to computer experiments done in [KS97] there is a folklore conjecture, usually attributed to Kusner and Sullivan, that questions the existence in composite knot classes. Additionally, it was shown in [FHW94] that the unique absolute minimizer is the round circle, see [ACF + 03] for this result for a broader class of energies. In [FHW94, He00, Rei10, Rei12, BRS12] the regularity of minimizers and, more generally, of critical points is investigated and it could be proved that they are smooth. Furthermore, it was shown in [Bla12] that the Möbius energy of a curve is finite if and only if the curve is embedded and the arc length parametrisation belongs to the fractional Sobolev space W ,2 (S L , R d ).
When searching for discrete analogs to smooth problems it is not only of interest to approximate the smooth problem in a such a way that numerical computations may be done more efficiently, but, more importantly, the discrete problem should reflect the structure of the smooth problem and be of interest in its own right. A discrete version of the Möbius energy, called minimum distance energy, was introduced in [Sim94] . If p is a polygon with n consecutive segments X i this energy 1 is defined by E md,n (p) := U md,n (p) − U md,n (g n ) with U md,n (p) := n i=1 n j=1 X i ,X j not adjacent
where g n is the regular n-gon. Note, that this energy is scale invariant. In [RS06, RW10] questions regarding the relation between the minimum distance energy and the Möbius energy were considered. It could be shown that the minimum distance energy E md,n of polygons that are suitably inscribed in a C 2 knot γ converges to the Möbius energy E(γ) as n → ∞. Furthermore, an explicit error bound on the difference between the minimum distance energy of an equilateral polygonal knot and the Möbius energy of a smooth knot, appropriately inscribed in the polygonal knot, could be established in terms of thickness and the number of segments. However, it is not possible to infer from these results that the minimal minimum distance energy converges to the minimal Möbius energy in a fixed knot class. In [Spe07] it was shown that the overall minimizers of the minimum distance energy must be convex and from [Tam06, Spe08] we know that the overall minimizers in the class of 4-and 5-gons are the regular 4-and 5-gon, respectively. This evidence supports the conjecture that the regular n-gon minimizes the minimum distance energy in the class of n-gons. Numerical experiments regarding the minimum distance energy under the elastic flow were realized in [Her08] .
In the present note we use another, more obvious, discrete version of the Möbius energy, that was also used for numerical experiments in [KK93] . This energy, defined on the class of arc length parametrisations of polygons of length L with n segments, is given by
where the a i are consecutive points on S L , or the interval [0, L] if we think of the polygon as being parametrised over an interval. This energy is scale invariant. A slight variant would be to take
As for the minimum distance energy we are interested whether polygonal minimizers of (2) in a fixed tame knot class K converge to a minimizer of the Möbius energy in a suitable topology. The following theorem reveals the relationship of discrete and smooth Möbius energy in terms of the so-called Γ-convergence invented by DeGiorgi. In order to establish Γ-convergence, we have to verify two inequalities called lim inf inequality, see Proposition 7, and lim sup inequality, see Proposition 8.
Theorem 1 (Möbius energy E is Γ-limit of discrete Möbius energies E n ).
} and every tame knot class K holds
Here, C 1,p := C ∩ (C 1 ∪ n∈N P n ), where C is the space of arc length curves of length 1 and P n the subspace of equilateral polygons with n segments. Adding a knot class K in brackets to a set of curves restricts this set to the subset of curves that belong to the knot class K. By W k,q (S 1 , R d ) we denote the standard Sobolev spaces of k-times weakly differentiable closed curves with q-integrable weak derivative. The functionals are extended by infinity outside their natural domain. The notion of Γ-convergence is devised in such a way, as to allow the convergence of minimizers and even almost minimizers, see [Dal93, Corollary 7.17, p.78] . Considering the fact that the lim inf inequality holds on C(K) and that we already know that minimizers of E in prime knot classes are smooth Lemma 9 yields:
Corollary 2 (Convergence of discrete almost minimizers). Let K be a tame prime knot class, p n ∈ P n (K) with
Then γ is a minimizer of E in C(K) and lim k→∞ E n (p n ) = E(γ).
This result remains true for subsequences, where the number of edges is allowed to increase by more than 1 for two consecutive polygons. Since all curves are parametrised by arc length it is not hard to find a subsequence of the almost minimizers that converges in C 0 , but generally this does not guarantee that the limit curve belongs to the same knot class or is parametrised by arc length.
Proposition 3 (Order of convergence for Möbius energy of inscribed polygon).
for every inscribed polygon p n given by a subdivision
This is in accordance with the data from [KK93] , which suggests that the order of convergence should be roughly 1. If we do not assume any regularity we might not be able to control the order of convergence but we still know that the energies converge:
Corollary 4 (Convergence of Möbius energies of inscribed polygons).
Let γ ∈ C with E(γ) < ∞ and p n as in Proposition 3. Then lim n→∞ E n (p n ) = E(γ).
Using the results from [Gáb66] 2 that are also immanent in [ACF + 03] we easily get the following result concerning discrete minimizers for all n ∈ N in contrast to the situation for the minimum distance energy, where the analogous result is by now only known for n ≤ 5, see [Tam06, Spe08] .
Lemma 5 (Regular n-gon is unique minimizer of E n in P n ).
The unique minimizer of E n in P n is a regular n-gon.
This directly yields the convergence of overall discrete minimizers to the circle, which according to [FHW94, Corollary 2.2], is the overall minimizer in C.
Corollary 6 (Convergence of discrete minimizers to the round circle).
where γ is a round unit circle.
One of the main differences between the discrete Möbius energy (2) and the minimum distance energy (1) is that bounded minimum distance energy avoids double point singularities, while for (2) this is only true in the limit. This avoidance of singularities enables the proof of the existence of minimizers of the minimum distance energy (1) via the direct method, see [Sim94] . This might be harder or even impossible to achieve for the energy (2). Nevertheless, the relation between the discrete Möbius energy (2) and the smooth Möbius energy is more clearly visible than for the minimum distance energy (1), as reflected in Theorem 1 and Corollaries 2-6.
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The lim inf inequality
To keep notation simple we accommodate for the fact that we deal with closed curves by indicating the shortest distance metric on the circle S 1 and the corresponding metric on the unit interval both by |· − ·|, in a similar manner we proceed when comparing indices and computing integrals and sums. By C g we denote a generic constant that may change from line to line.
Proposition 7 (The lim inf inequality).
Proof. We assume that the lim inf is finite and thus p n ∈ P n for a subsequence. Now the proposition is a consequence of Fatou's Lemma, since for a further subsequence and s = t holds
This means, for polygons p n ∈ P n that are bounded in L ∞ and have equibounded energies, we find a subsequence that converges in C 0 to an embedded W ,2 curve with finite Möbius energy.
Approximation of energy for inscribed polygons
Proof. By 
Additionally, we have
Step 1
Then
Step 2 Now
Step 3 From now on let |j − i| > N . We have
can be used to obtain
where C g is a constant that may change from line to line.
Step 4 Now,
Therefore,
Since n k=1 1 k − log(n) converges to the Euler-Mascheroni constant, we obtain
Step 5 Set
As in (8) we estimate
at our disposal and can estimate the remaining factor by
Hence,
Step 6 Without loss of generality we assume i < j. Then
Corollary 4 (Convergence of Möbius energies of inscribed polygons).
Step 1 According to (7) the local bi-Lipschitz constant can be uniformly chosen as close to 1 as we wish, so that for i < j, δ =
1+2
c c and n ≥ M δ we can use (3) to find
The sum over 1 < |j − i| ≤ N n can be estimated analogously. According to (11) we know that the left-hand side in (9) with N n instead of N as well as (13) converge to zero for n → ∞.
Step 2 If n is large enough for |j − i| ≥ N n holds |γ(
Nn n by (3). We estimate
And thus
The lim sup inequality
Proposition 8 (The lim sup inequality).
Let γ ∈ C(K) ∩ C 1 with E(γ) < ∞. Then there are p n ∈ P n (K) such that
Proof.
Step
is uniformly continuous, and there is d > 0 such that for all x ∈ S 1 and all u, v ∈ B 3d (x) holds γ ′ (u), γ ′ (v) ≥ cos( 1 4 ). Therefore, for all x ∈ S 1 and all s, t, y ∈ B 3d (x) holds
which means that γ has the (d, [Wu04] we know that for each n there is a closed equilateral polygonp with n edges that is inscribed in γ, so that this polygon belongs to the same knot class as γ if n is large enough.
Step 2 Letp be an equilateral inscribed polygon with n edges defined by γ(b i ), i = 0, . . . , n, γ(b 0 ) = γ(b n ) with b 0 = 0 and n sufficiently large. Then for ε > 0 and n ≥ N (ε) holds
Step 3 Set p(t) = LL −1p (LL −1 t). For t ∈ [a j , a j+1 ], a j = jL n and a constant c = c(γ) holds
Step 4 For t ∈ [a j , a j+1 ] we estimate
if n is large enough, due to the uniform continuity of γ ′ and (15).
Step 5 Since the discrete Möbius energy is invariant under scaling, the proposition is a consequence of Corollary 4.
Note, that, by integrating the inequality in Step 4 instead of using continuity of γ ′ , we easily find that for γ ∈ W 
Discrete minimizers
Proof. Using the inequality of arithmetic and geometric means twice we obtain
with equality if and only if all |p(a i ) − p(a i+k )| are equal. From [Gáb66, Theorem III] we know that for n ≥ 4 the sum of diagonals of an equilateral polygon is maximized by the regular n-gon g n , i.e.
Note, that this also works in R d , thanks to [ACF + 03, Lemma 7], with equality for fixed k ∈ {2, . . . , n − 2} if and only if for all i the points p(a i ), p(a i+1 ), p(a i+k ) and p(a i+k+1 ) are coplanar. This yields
with equality if and only if p is a planar polygon, which follows from the coplanarity before, that is the affine image of a regular polygon, see [Gáb66, Theorem III] , such that all diagonals of the same order have equal length. This means, equality only holds for a regular n-gon.
A Variational convergence
Lemma 9 (Convergence of minimizers). Let F n , F : X → R, Y ⊂ X. Assume that x n → x implies F(x) ≤ lim inf n→∞ F n (x n ) and that for every y ∈ Y there is are y n ∈ X with lim sup n→∞ F n (y n ) ≤ F(y). Let |F n (z n )−inf X F n | → 0 and z n → z ∈ X. Then F(z) ≤ lim inf n→∞ inf X F n ≤ inf Y F.
Proof. Let y ∈ Y and y n → y with lim sup n→∞ F n (y n ) ≤ F(y). Then 
